Abstract. In this paper we revisit the transmission eigenvalue problem for an inhomogeneous media of compact support perturbed by small penetrable homogeneous inclusions. Assuming that the inhomogeneous background media is known and smooth, we investigate how these small volume inclusions affect the transmission eigenvalues. Our perturbation analysis makes use of the formulation of the transmission eigenvalue problem introduced Kirsch in [8] , which requires that the contrast of the inhomogeneity is of one-sign only near the boundary. Thus, our approach can handle small perturbations with positive, negative or zero (voids) contrasts. In addition to proving the convergence rate for the eigenvalues corresponding to the perturbed media as inclusions' volume goes to zero, we also provide the explicit first correction term in the asymptotic expansion for simple eigenvalues. The correction term involves computable information about the known inhomogeneity as well as the location, size and refractive index of small perturbations. Our asymptotic formula has the potential to be used to recover information about small inclusions from knowledge of the real transmission eigenvalues, which can be determined from scattering data.
1. Introduction. The transmission eigenvalue problem is intrinsic to the scattering theory for inhomogeneous media [2] . Real transmission eigenvalues are related to non-scattering frequencies and can be determined from scattering data [1] and [9] , hence they can be used to obtain information about the inhomogeneity (see e.g. [3] for monotonicity results on real transmission eigenvalues in terms of the refractive index in the media). One possible application is to identify small volume perturbations of a known inhomogeneity using measured transmission eigenvalues. In this case, asymptotic analysis is needed to quantify the effect of small perturbations on transmission eigenvalues. This task is complicated due to the fact that the transmission eigenvalue problem is non-selfadjoint and most of its mathematical formulations lead to nonlinear eigenvalue problems. The celebrated paper by Osborn [12] , generalized to nonlinear problems in [11] , provides a mathematical approach to obtain asymptotic formulas with first order correction term for perturbation of eigenvalues of a non-selfadjoint eigenvalue problem. This perturbation approach has been used in [5] and [6] to obtain asymptotic expressions for transmission eigenvalues for the isotropic case and in [4] for the anisotropic case, where in the latter preliminary results on the use of these asymptotic formulas to solve the inverse problem have been presented. Unfortunately, bounded by the mathematical formulation of the transmission eigenvalue problem, all the aforementioned work required that the contrast in the known inhomogeneous media as well as in the small perturbations does not change sign in the support of the inhomogeneity. This assumption significantly restrict the class of problems where our method can apply. More recent papers on the transmission eigenvalue problem [16] , [13] , [14] have obtained spectral results under the assumption that the contrast keep the same sign only in a neighborhood of the boundary. Under this assumption, the formulation introduced by Kirsch [8] , which is a variational writing of the transmission eigenvalue problem formulation first introduced by Sylvester [16] , provides a conducive framework to apply perturbation analysis in [12] , [11] , and the goal of this paper is to do exactly this. More specifically, the main result of our paper is obtaining convergence and asymptotic formulas with correction term for the transmission eigenvalues corresponding to isotropic inhomogeneous media of compact support perturbed by small penetrable homogeneous inclusions. The only assumption on the media, besides physical ones, is that the contrast in the refractive index of the known inhomogeneity is one sign only in a neighborhood of the boundary of its support. This allows for the known inhomogeneity to have more general contrast inside the support, as well as for the small volume perturbations to have positive, negative or zero (voids) constant contrasts simultaneously. Although the calculations are presented here for real transmission eigenvalues and real valued refractive index (motivated by the practical fact that only real transmission eigenvalues are determined from scattering data) our analysis can be carried through for complex eigenvalues and complex-valued refractive index with obvious modifications when computing the adjoint operators. We remark that, although the convergence analysis can be done for multiple eigenvalues, our asymptotic formula is obtained only for simple eigenvalues due to technical difficulties stemming from the non-linearity of the eigenvalue problem as pointed out in [11] .
2. Formulation of the transmission eigenvalue problem. In this section we state a formulation of the transmission eigenvalue problem by Kirsch [8] , which gave a variational formulation for the transmission eigenvalue problem formulation first introduced by Sylvester [16] . This formulation has the advantage of allowing for a much more general class of contrasts in the media. Here we translate Kirsch's variational version back to an operator form, which we find convenient to work with.
. Consider the transmission eigenvalue problem of finding k 2 and nontrivial V, W such that
If one subtracts the second equation from the first and sets λ := −k 2 , v := V − W and w := −k 2 W , the transmission eigenvalue problem may be written:
We define the Hilbert space
One may check that a weak formulation of (5)- (6) on X is to find λ ∈ C and nontrivial (w, v) ∈ X such that (see e.g. [8] )
for all (φ, ψ) ∈ X. Now we define the linear operator on X (9)
Here (∆∆)
is defined by the weak solution of the equation
. We abuse notation slightly and also use ∆ to denote the usual mapping ∆ :
. We will also use the sesquilinear form corresponding to A λ (introduced in [8] ) defined by
Clearly the operator A λ given by (9) is bounded on X. Furthermore, a straightforward calculation shows that (w, v) ∈ Ker(A λ ) if and only if (w, v) is a solution to the weak formulation of the transmission eigenvalue problem (8) . So the transmission eigenvalue problem can be written as: Find λ ∈ C and
3. Decomposition into invertible plus compact. In [16] and afterwards in [8] it was shown with some restrictions on q (near the boundary only) that the set of transmission eigenvalues is discrete. We redo the result from [8] here both for completeness and to show uniformity for families of q. Additionally, the operator form (9) simplifies some of the proofs. Note that A λ is not self adjoint even for real λ; however, it would be if we were to shift it slightly. To this end define the bounded operator on X
and its associated sesquilinear form
Note that now for λ ∈ R,Â λ is self-adjoint with respect to the inner product on X.
We also define the operator
We would like to find λ such thatÂ λ is invertible and K µ,λ is compact. The second is the easier of the two.
Proof. This is obvious; the top right component of K µ,λ is multiplication by (λ − µ(1 + q)) as a mapping from 
Proof. The bilinear form on
is coercive, so by Lax Milgram, the partial differential equation
. By standard elliptic regularity, z satisfies the inequality
For each j, let g = w j and define z j as the solution to (18). Since w j converges weakly, it is norm bounded in L 2 (D), hence there exists an M > 0 such that
Since the sequence {z j } is bounded in H 2 (D), there exists a subsequence (we will again denote it by z j ) that converges to some z ∈ H 2 (D) weakly. From this weak convergence and the equation for z j , for any φ ∈ H By taking another subsequence, we must have the convergence strong in H 1 0 , which implies that z = 0 on ∂D, and hence we have z = 0. The result follows.
We now introduce a family of operators so we may state our final theorems of the section, and we do this by first defining the parameter family {q } ⊂ L ∞ (D).
Assumption 3.3. We assume the family {q } ⊂ L ∞ (D) satisfies the following properties:
1. ∈ I where I is a compact subset of R.
2. The family {q } is uniformly bounded in L ∞ (D). 3. Let R be a neighborhood of the boundary ∂D; that is, R is an open set contained in D with ∂D ⊂ R. We assume q is of one sign on R with either q > α > 0 or −q > α > 0 holding in R. 4. The family has the property that for each , ∈ R, q − q = 0 except on some
The following Lemma and Proposition are generalizations of Kirsch's results in [8] . The arguments are nearly identical to those of Kirsch, with the exception of a few modifications to allow for a family {q }. 
Proof. Let λ > 0 and let R be the neighborhood of the boundary defined in Assumption 3.3. Let R be another neighborhood of ∂D such thatd :
solving ∆w − λw = 0, from standard elliptic regularity we know that w is in C ∞ loc (D) , so ρw ∈ C ∞ (D) and we can apply Green's representation theorem for ∆ − λ:
The product rule yields
Note that ρ∆w − λ(ρw) = 0 from the equation for w, and so we have
We integrate the second term by parts to find
where the boundary term disappears since ρ ∈ C ∞ c (D) and ∇ρ = 0 on D\R implies that ∂ ν + ρ = 0 on ∂R .
Now, letting x ∈ D \ R , we have
where C depends only on D, R, R , and ρ. By Cauchy-Schwartz and R ⊂ R, we deduce
As R ⊂ R, the above inequality holds for x ∈ D \ R. We multiply by |q (x)| and integrating with respect to x over D \ R:
Since q is uniformly bounded, we can choose a λ 0 large enough so that the result holds.
This next proposition states that the family of operators {Â λ0 } is uniformly weakly coercive. Again, our arguments follow [8] with the only difference that here we make sure that all estimates hold uniformly in ∈ I. Proposition 3.5 (Kirsch [8] , Theorem 2.4). Let {q } be a family of functions satisfying Assumption 3.3, and for each , let {Â λ0 } be the operator (14) corresponding to q = q and λ = λ 0 , and letâ λ0 denote their associated sesquilinear forms. Then there exists a λ 0 > 0 and a c > 0 such that for all ∈ I,
where c is independent of .
Proof. Assume that the estimate (31) does not hold, in which case we have a sequence ( j , w j , v j ) ∈ R × X where (w j , v j ) has norm 1 in X and
Now, since U j is of norm 1 and X is a Hilbert Space, it has a subsequence (denoted U j for simplicity) that converges weakly to some U ∈ X. We will first prove that U = 0.
Since j ∈ I, there is a subsequence (which we abuse notation and denote { j }) such that j → * as j → ∞. From Lemma 3.4 there exists a λ 0 such that
for all ∈ I and all w solving ∆w − λ 0 w = 0. Define U j = (w j , v j ) and Φ = (φ, ψ). Then,
since the operators are self adjoint. We claim
where D( j , * ) is the set defined in Assumption 3.3. Thus,
by the dominated convergence theorem. This proves assertion (35) after taking the supremum over all Ψ ∈ X. Combining (34) and (35) yields
Next, by (32), for any Φ ∈ X, we have
and therefore, (39) becomes
Recall U j converges weakly to some U ∈ X. Therefore, for any Φ ∈ X,
Then, (42) and (41) gives (43) (Â * λ0 U, Φ) X = 0 for any Φ ∈ X. We will show that this implies U = 0. Choosing Φ = (−w, v), (43) implies
By taking the real part, we have
Since q * is of one sign on R,
and from (45) and Lemma 3.4,
Thus, (46) and the above imply w = 0 on R because
and q * > α on R. Since w solves ∆w − λ 0 w = 0 in D, w is analytic by an extension of Weyl's theorem (see Corollary 11.4.13 [7] ). We may then use analytic continuation to conclude w = 0 on D. This also implies v = 0, since by choosing Φ = (v, 0) and substituting Φ into (43),
Assuming (31), we will show U j X → 0, which contradicts that each U j has norm 1. Recall that in our case the bilinear form is not fixed. Let R be a neighborhood of R so that R ⊂ R ∪ ∂D. We take a non-negative
and construct the sequence Φ j = (−ρ 1 w j , ρ 1 v j ) ∈ X. Of course, due to (32) we have that
More explicitly,
Given the support of ρ 1 , we have
From the product rule,
We substitute this into (53) and take the real part which yields
Since Φ j X ≤ U j X = 1 by construction, we must have
, we have v j converges strongly to 0 in H 1 (D), since the inclusion operator is compact and maps weakly convergent sequences to strongly convergent sequences. Therefore, the first two terms in (56) go to 0, implying
Using the assumption that q > α > 0 on R and ρ 1 = 1 on R , the previous line implies w j → 0 in L 2 (R ). We again define a neighborhood R of ∂D such that its closure is in R ∪ ∂D. For this neighborhood, we define a non-negative
Furthermore, we construct a sequence {z j } ⊂ H 2 (D) which for each j solves
By choosing Φ j = (0, ρ 2 z j ), we may conclude from (32) that
We use the product rule to obtain
using that z j solves (59). From Lemma 3.2, z j 0 in H 2 (D), and therefore z j → 0 strongly
from which (62) and (60) imply
From the definition of ρ 2 this implies that
We then have by (32),
Of course,
and q j is bounded uniformly in j . From this, (65) implies
. This proves that U j X → 0, which is impossible as U j X = 1 for all j.
Corollary 3.6. LetÂ λ be defined by (14) and the family q satisfy Assumption 3.3. Then there exists a λ 0 > 0 such that the operatorÂ λ0 is invertible for every ∈ I, and the inverse operator is bounded uniformly with respect to ∈ I.
Proof. Choose λ 0 as in the statement of Proposition 3.5. Then, the result of Proposition 3.5 is sufficient to apply a generalized version of Lax Milgram (see Theorem 2.22 in [10] ) which yields the result.
We end the section by combining the previous results to show following theorem, which was first shown in [16] .
Theorem 3.7. For a fixed q satisfying Assumption 3.3, the set of transmission eigenvalues is discrete in C without any finite accumulation point.
Proof. We have shown that the transmission eigenvalue problem defined by (8) may be written as finding a k > 0 such that
has a non trivial kernel, whereÂ λ0 is given by (14) and K −k 2 ,λ0 is given by (16) . From Corollary 3.6, we can select λ 0 as so thatÂ λ0 is invertible. Since k 2 → K −k 2 ,λ0 is analytic and K is compact, the result follows from the analytic Fredholm theorem.
Remark 3.8. For a fixed q ∈ C ∞ (D) satisfying Assumption 3.3, the existence of an infinite set of transmission eigenvalues as well as completeness of generalized eigenfunctions are proven in [14] . In this case results on the counting function for transmission eigenvalues can be found in [13] , [15] . However, techniques from semiclassical analysis used in these papers restrict the existence results to smooth q. For L ∞ contrast q, but under the assumption that q is one sign in D, the existence of an infinite set of real transmission eigenvalues is shown in [3] . 4 . Transmission eigenvalue problem in the presence of small volume inhomogeneities. We now introduce the class of inhomogeneities studied in the remainder of this paper. We present here our convergence analysis and asymptotic formulas for real transmission eigenvalues. This is motivated by the fact that only real transmission eigenvalues can be determined from the scattering data (see e.g. [2] ). However our results can be formulated and proven exactly in the same way (with obvious modifications when writing the adjoint operators) for complex transmission eigenvalues. Hence from now on we set τ := −k 2 and assume that τ ∈ R.
For simplicity of exposition, we first consider the case of a single inhomogeneity centered at the origin. Let q 0 ∈ C ∞ (D) be such that q 0 satisfies
a neighborhood of the boundary of D as defined in Assumption 3.3. (One could equivalently assume q 0 is negative on R.) Let now B be any open set containing the origin. Consider > 0, and assume that
where q 1 ∈ R. We will assume is small enough such that B ⊂ D \ R. It is straightforward to check that this family of q satisfy the conditions in Assumption 3.3.
Assume that λ 0 is not a transmission eigenvalue and is such that the coercivity in Proposition 3.5 holds. We define for λ ≥ λ 0 ,
We further note that A is self adjoint with respect to the inner product on X, but K (τ ) is not. Its adjoint is given by
In what follows we will use * to denote the adjoint with respect to the inner product on X. Define
Then, the transmission eigenvalue problem with scatterer q may now be written as finding τ such that for U = (w, v) ∈ X,
has a nontrivial solution.
5. Preliminary estimates. We now will prove several lemmas about the operators A and K , which we will later need to apply the perturbation theory.
Lemma 5.1. Let τ ∈ R and K be defined by (71). Then we have the operator norm estimate
Proof. Let U := (w, v), Φ := (φ, ψ) ∈ X. Then,
where we used Sobolev embedding and the definition of X.
Lemma 5.2. Let A and R be defined by (71) and (69) respectively. Choose D ⊂ D \ R to contain B for all ∈ I. Then, for U ∈ X,
Furthermore, given F ∈ X and U 0 = A
Proof. We will prove the statement about A first and use that result to prove the statement about the inverse. Let U, Φ ∈ X. Then,
This proves the first statement. The second follows from the estimate
where B ⊂ D . Now, we will prove the estimate on the inverse. Let F ∈ X and define (79) A U = F and A 0 U 0 = F. Then, for U 0 := (w 0 , v 0 ), we obtain
Dividing by Φ X and taking the supremum, we use Proposition 3.5 to obtain
Since A converges strongly to A 0 , we have the strong convergence of the inverse from (81). Furthermore, if the first component of U 0 is in L ∞ (D ), we have the desired estimate on the inverse from (78) and (81).
We now have an estimate on the composition of the operators.
Lemma 5.3. Let τ ∈ R. Define A and K (τ ) by (71). Then,
Proof. Observe that we can write
converges in the strong topology by Lemma 5.2, its norm is bounded by the Uniform Boundedness Principle. This norm bound and Lemma 5.1 together imply that I converges in the norm topology, and in particular that
Since A −1 converges and is preceded by a compact operator, II converges in norm as well, but we would like to also estimate the τ dependence. For convenience we prove the estimates for slightly more general operator 
We hence have shown that
From (81), we obtain
Note that K 0 = K(λ, 1) + τ K(−1, q 0 ), and so q 0 ) . Therefore, by applying (88), we have that II also converges in norm and
5.1.
Convergence on the eigenspace. Let us define U = (w, v) ∈ X be a transmission eigenfunction for the background problem (74) when = 0, corresponding to a transmission eigenvalue τ :
We will now define a correction for the difference between A −1 and A
−1
0 . By standard elliptic regularity, the first component of A
. Therefore, it is well defined at the center of the inhomogeneity and we can define Ψ , C ∈ X by
Lemma 5.4. Let A be defined by (71) and C by (93). Define α > 0 such that
where U is the solution to the background equation (91).
Proof. Define 
By Proposition 3.5 and the argument at the end of Lemma 5.2, we have
which yields the result.
We will now derive estimates for the strong operator convergence of the adjoint. Recall that our operator
where A is self adjoint, but K (τ ) is not.
Lemma 5.5. Let U be the solution of the background equation (91) and α > 0 such that
Proof. We begin by adding and subtracting to obtain 
using Sobolev Embedding. Finally, for the third term on the right hand side of (97), we have that
where C is defined by (93). The first term in (99) is O((1 + τ ) d/2+α ) by Lemma 5.4. We now estimate the second term where we keep in mind the fact that the operator K 0 is smoothing:
Consider the first term on the right hand side of (100). It is obvious that C X ≤ C d/2 by the definition, and we recall from (90) that
These results combine to yield
For the last term on the right hand side of (100), consider the first component of A 
This completes the proof.
5.2.
Inner product estimates. We will need the following lemmas to derive the asymptotic formula for the eigenvalues.
Lemma 5.6. Let d = 2, 3. For A be defined by (71) and Ψ by
we have that
Proof. Let ξ denote the first component of A −1 Ψ and R as defined in (69). Then, by definition of A −1 , ξ is a weak (or distributional) solution to [7] . One may use Green's representation formula to show that
as in the proof of Lemma 3.4. This implies
because the norm of A −1 is bounded due to Lemma 5.2 and the Uniform Boundedness Principle. Therefore, we have the result
Lemma 5.7. Let U = (w, v) be the transmission eigenfunction solving (91) and the operators A and K be defined by (71). For α such that
where w 0 is the first component of A
For I, we can use the fact that A 0 is self adjoint and add and subtract a correction term to obtain
by combining Lemmas 5.1 and 5.4. Recall that U := (w, v) with v ∈ H 2 0 (D), and let ξ denote the first component of A −1 Ψ . Using the definition of Ψ and C in (92) and (93) we find,
The Hölder continuity of v with exponent α from Sobolev embedding, with α as in Lemma 5.6, gives
Thus, we conclude that
by Lemma 5.6. For the second term, we first manipulate it algebraically. Since U satisfies the background equation, the following equality holds: 
Recall that we denote the first components of A −1 0 U and U by w 0 and w respectively, and that w 0 ∈ H 2 loc (D) and w ∈ C ∞ loc (D). In fact, w is C ∞ (D) (see Theorem 11.1.1 [7] ). In particular, both are in H 2 (D ) for some D ⊂ D containing B. We may also use Hölder continuity as in (5.2) to obtain
Let ξ denote the first component of A −1 Ψ . We may also use the Hölder continuity argument from (5.2) to show
Lemma 5.6 combined with the above yields
The estimation of the third term is similar. Again, as v and
We combine all terms to obtain
which completes the proof.
6. Eigenvalue correction formula. In this section, we will use the following nonlinear eigenvalue correction result from [11] to obtain an asymptotic formula for a simple transmission eigenvalue.
Theorem 6.1 (Nonlinear Eigenvalue Correction [11] ). Let X be a Banach space and {T (λ) : X → X} a set of compact operator valued functions of λ which are analytic in a region U of the complex plane, such that T (λ) → T 0 (λ) in norm as → 0 uniformly for λ ∈ U . Let λ 0 = 0, λ 0 ∈ U be a simple nonlinear eigenvalue of
to be the derivative of T 0 with respect to λ evaluated at λ 0 , and let φ be the normalized eigenfunction and φ * its dual. Then for any small enough there exists λ , a simple nonlinear eigenvalue of T , such that if
we have the following formula
where R(E) is the space spanned by φ and R(E) * is its dual or the space spanned by φ * .
We now apply this theorem to our operators to obtain the correction formula.
Theorem 6.2. Let U = (w, v) ∈ X be the normalized transmission eigenfunction for the background problem (91), with simple eigenvalue τ . Then for any small enough there exists a simple eigenvalue τ of the perturbed problem (74) such that τ → τ . Furthermore, for U X = 1 and α > 0 such that 
assuming the denominator is nonzero. We now calculate DT 0 (τ ). Recall that
with A 0 independent of τ . From the product rule we have that
and since K 0 is linear in τ , DK 0 = C where C : X → X is given by
.
0 U , which is precisely τ ω, from which the result follows. We remark also that the nonzero denominator condition can be written as
We end this section by remarking that the above analysis holds true if the background with contrast q 0 (x) is perturbed by many small volume inhomogeneities of arbitrary smooth shape. In particular, for i = 1, . . . , m, we define the bounded open set B i to be smooth deformations of a ball centered at the origin, so that z i + B i is a small inhomogeneity centered at z i . We also assume that is small enough so that each scaled ball is separated from the others and is inside D \ R, in particular (z i + B i ) ∩ (z j + B j ) = ∅ for i = j and (z i + B i ) ⊂ D \ R, where R is defined by (69). We let W be the union of these inhomogeneities, that is and we define the perturbed contrast q :
where the q i ∈ R are constants. In this case the main result of Theorem (6.2 becomes (see also [4] and [6] ) Theorem 6.3. Let U = (w, v) ∈ X be the normalized transmission eigenfunction for the background problem (91), with simple eigenvalue τ . Then for any small enough there exists a simple eigenvalue τ of the perturbed problem (74) such that τ → τ . Furthermore, for U X = 1 and α > 0 such that 7. Numerical example. We will now attempt to validate our asymptotic formula with a one dimensional numerical experiment. Although the theory here was for dimensions d = 2, 3, we expect the same results to hold in dimension one. We choose our scatterer D to be the interval [−1, 1] assume there is a single inhomogeneity centered at the origin. We define q on D to be (123) q := q 1 x ∈ (− , ) := B q 0 otherwise
The definition of D and choices for parameters k, q 0 and q 1 are detailed in Table 1 . We note that we also chose q 0 so that the background eigenvalue is simple. Recall that one also needs to choose the parameter λ in the definition of T (which we used to divide the operator into invertible plus compact). The best choice numerically for λ is not obvious, and several different choices were found to yield the same correction accurately. Figures 1 and 2 show a comparison of the perturbed eigenvalues with the corrected eigenvalues for various values of , using the formula from Theorem 6.2. An empirical study of the convergence rate 1 + α found in Theorem 6.2 yielded 8. Conclusion. In this paper we have derived rigorously a correction formula for the transmission eigenvalues of perturbations of inhomogeneous media without sign restrictions on the contrast (except for a region around the boundary). This was accomplished by using the formulation the nonlinear eigenvalue correction formula [11] which is an extension of Osborn's theorem [12] . We then corroborated the results by conducting a numerical simulation which demonstrated the accuracy of the asymptotic formulas. Note that the formula derived in [6] was based on a different formulation of the transmission eigenvalue problem that requires that q be of one sign. Hence the formula derived here is more general, but has the disadvantage of requiring one to solve an auxiliary partial differential equation.
Since the two should of course coincide when q is of one sign, and indeed did in our numerical simulations above, it would be interesting to see if a general formula exists without the need for solving an auxiliary problem. Furthermore, the formula for the correction here requires one to choose the parameter λ which was used to divide the operator into and invertible one plus a compact perturbation. However as mentioned above, in our numerical simulations different λ led to the same value for the correction.
It may also be possible to use the asymptotic formula to reconstruct the location and/or strength of small the inhomogeneities inside the scatterer. A first attempt along these lines is made in [4] . The formulas derived depend on the background medium, the background transmission eigenvalue, the size and contrast of the inhomogeneity, and the location of the center of the inhomogeneity. If knows the size and contrast of the inhomogeneity, perhaps one can use this formula to determine its location. This is the subject of future work.
